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Abstract
We discuss the dimensional reduction of five-dimensional supergravity com-
pactified on S1/Z2 keeping the N = 1 off-shell structure. Especially we clarify
the roles of the Z2-odd N = 1 multiplets in such an off-shell dimensional
reduction. Their equations of motion provide constraints on the Z2-even mul-
tiplets and extract the zero modes from the latter. The procedure can be
applied to wide range of models and performed in a background-independent
way. We demonstrate it in some specific models.
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1 Introduction
Higher dimensional supergravity (SUGRA) has been attracted much attention and exten-
sively investigated in various aspects, such as effective theories of the superstring theory
or M-theory [1], AdS/CFT correspondence [2], the model building in the context of the
brane-world scenario (see [3], for example), etc. Among them, five-dimensional (5D) su-
pergravity 1 compactified on an orbifold S1/Z2 has been thoroughly investigated since it is
shown to appear as an effective theory of the strongly coupled heterotic string theory [4]
compactified on a Calabi-Yau 3-fold [5]. Besides, the supersymmetric (SUSY) extensions
of the Randall-Sundrum model [6] are also constructed in 5D SUGRA on S1/Z2 [7, 8, 9].
Their low-energy effective theories become four-dimensional (4D) supergravity as the fifth
dimension is compactified. In this paper, we will discuss the dimensional reduction of 5D
SUGRA on S1/Z2 to derive its 4D effective theory.
The conformal SUGRA formulation [10, 11, 12, 13, 14], which is one of the off-shell
formulation of SUGRA, is quite useful to construct the 5D SUGRA action, especially
in a case that there are terms localized on the orbifold boundaries. The formulation is
systematic and straightforward. Firstly we construct a 5D superconformal invariant action.
Then we fix extra superconformal symmetries by imposing the gauge-fixing conditions so
that we obtain the desired Poincare´ SUGRA action. The conformal SUGRA formulation
is also useful to describe the 4D effective theory of 5D SUGRA because it makes N = 1
SUSY 2 preserved by the orbifold projection manifest and also enables to discuss the
mediation of SUSY breaking effects in a transparent way when SUSY is spontaneously
broken. Such an off-shell 4D effective action is first derived in Ref. [15]. Although it is
useful and instructive, it covers only a specific case where the background geometry is the
Randall-Sundrum warped spacetime. Besides it is not clear how the off-shell 4D action is
related to the original off-shell 5D SUGRA action in the derivation of Ref. [15]. In order to
clarify their relation, we need to derive the former directly from the latter keeping the N = 1
off-shell structure. For this purpose, it is convenient to decompose each 5D superconformal
multiplet into N = 1 multiplets [14]. Then we can rewrite the 5D conformal SUGRA action
in terms of N = 1 multiplets in the language of N = 1 off-shell SUGRA [16, 17]. The
formulation of such an N = 1 off-shell action is pioneered by the authors of Ref. [18] for the
minimal 5D SUGRA at the linearized level. Their formulation is useful for the calculation
of the SUGRA loop contributions to the visible sector in the 5D braneworld models [19].
Our purpose in this paper is to derive the off-shell 4D action at the full SUGRA level. As
we mentioned in Ref. [20], however, it is a nontrivial task to derive it because there are
some multiplets, such as the compensator multiplet, that cannot be naively expanded into
the Kaluza-Klein (K.K.) modes keeping the N = 1 structure.
Recently the authors of Ref. [21] proposed a systematic method to derive the effective
action of 5D SUGRA as an off-shell 4D SUGRA action avoiding the above difficulty. Their
method is quite useful since it is applicable to wide range of 5D SUGRA models. In this
paper, we will reinterpret their method to clarify the guiding principle of the procedure,
and modify it. Our modification makes it possible to apply this method to more general
1 We focus on 5D SUGRA with eight supercharges in this paper.
2 N = 1 denotes supersymmetry with four supercharges in this paper.
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class of models, and clarifies the limits of validity for it. Especially we modify a treatment
of N = 1 multiplets which are odd under the Z2-parity of the orbifold. These multiplets
are simply dropped by hand in Ref. [21] because they do not contain light 4D modes
which appear in the low-energy effective theory. In general, however, such heavy fields
affect the effective theory when they are integrated out [15, 22]. We treat the Z2-odd
multiplets carefully and show that their equations of motion provide constraints on the
Z2-even multiplets and extract the zero mode from the latter. We show that the procedure
of the off-shell dimensional reduction can be performed in a background-independent way.
This is no surprise because the information on the background is obtained only after moving
to the on-shell description while the N = 1 off-shell structure is kept during the procedure.
We demonstrate this off-shell dimensional reduction explicitly in some specific models.
The paper is organized as follows. We review the N = 1 description of the 5D conformal
SUGRA action and provide the boundary actions in a case that the compensator consists of
one or two hypermultiplets. In Sect. 3, we explain the procedure of the off-shell dimensional
reduction in detail. In Sect. 4, we derive 4D effective theories of some specific models
by applying the procedure provided in Sect. 3. Sect. 5 is devoted to the summary and
some comments. In Appendix A, the gauge fixing conditions for the extra superconformal
symmetries are listed in our notation. In Appendix B, we provide a complement of Sect. 3.2.
2 N = 1 off-shell description of 5D SUGRA action
2.1 N = 1 multiplets and bulk action
Throughout this paper, we use µ, ν, · · · = 0, 1, 2, 3 for the 4D world vector indices and y
for the coordinate of the fifth dimension compactified on S1/Z2. The corresponding local
Lorentz indices are denoted by underbarred indices. We take the fundamental region of
the orbifold as 0 ≤ y ≤ piR, where R is a constant,3 and take the unit of M5 = 1, where
M5 is the 5D Planck mass.
We assume the following form of the metric,
ds25 = e
2σ(y)gµνdx
µdxν −
(
e 4y dy
)2
, (2.1)
where σ(y) is a warp factor, which is a function of only y. The off-diagonal components of
the metric gµy can always be gauged away.
According to Ref. [14], each 5D superconformal multiplet can be decomposed intoN = 1
superconformal multiplets as follows. The 5D Weyl multiplet is decomposed into the N = 1
Weyl multiplet EW = (e
ν
µ , ψ
α
µ+, · · · ) and a real general multiplet
4
VE = (e
4
y ,−2ψy−,−2V
2
y , 2V
1
y , · · · ), (2.2)
where V t=1,2,3M (M = µ, y) are the SU(2)U gauge fields, which are auxiliary fields. As
mentioned in Ref. [14], the off-diagonal components of the Weyl multiplet, which are Z2-
odd, do not form an N = 1 multiplet but appear in the covariant derivatives of the
3 In principle, R is nothing to do with the radius of the orbifold r, but it is convenient to take it so
that it coincides with the latter after the radius is stabilized.
4In the notation of Ref. [14], this general multiplet is denoted as W y.
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EW VE V
I ΣI Φa
Weyl weight −1 −1 0 0 3/2
Table 1: The Weyl weight of each multiplet. The indices run over I = 0, 1, · · · , nV and
a = 1, 2, · · · , 2(nC + nH).
Z2-even components in an unusual way. We will not discuss them any more since they are
essentially irrelevant to the following discussion. Each 5D vector multiplet is decomposed
into 4D vector and chiral multiplets V I and ΣI (I = 0, 1, · · · , nV),5 and each hypermultiplet
is decomposed into two chiral multiplets (Φ2aˆ−1,Φ2aˆ) (aˆ = 1, · · · , nC + nH). Here nC and
nH are numbers of the compensator and the physical hypermultiplets, respectively. The
Weyl weight of each multiplet is listed in Table 1. The value in the table denotes the Weyl
weight of the lowest component in each multiplet. The Weyl weight of higher component
rises by 1/2. In other words, the Grassmann variable θα has the Weyl weight −1/2 in the
superfield language.
Using these N = 1 multiplets, the 5D conformal SUGRA action can be expressed as
the following N = 1 superspace action [16, 17].
S =
∫
d5x
{
Lvector + Lhyper +
∑
ϑ∗=0,pi
L(ϑ
∗)
braneδ(y − ϑ
∗R)
}
,
Lvector =
[∫
d2θ
{
−
NJK
4
(Σ)WJWK +
NIJK
48
D¯2
(
V IDα∂yV
J −DαV I∂yV
J
)
WKα
}
+ h.c.
]
−e2σ
∫
d4θ V −2E N (V),
Lhyper = −2e
2σ
∫
d4θ VEd
b
a Φ¯
b
(
e−2igV
I tI
)a
c
Φc
−e3σ
[∫
d2θ Φad ba ρbc
(
∂y − 2igΣ
ItI
)c
d
Φd + h.c.
]
, (2.3)
where a, b, · · · = 1, 2, · · · , 2(nC+nH). The norm function N is a cubic function defined by
N (X) ≡ CIJKX
IXJXK , (2.4)
where CIJK is a real constant tensor which is completely symmetric for the indices, and
NI ≡ ∂N /∂X
I , NIJ ≡ ∂
2N /∂XI∂XJ , · · · . The metric of the hyperscalar space d ba can
be brought into the standard form [24]
d ba =
(
12nC
−12nH
)
, (2.5)
and an antisymmetric tensor ρab is defined as ρab ≡ iσ2⊗ 1nC+nH . The superfields W
I
α and
5 ΣI is related to ΦIS in our previous works [17, 20, 23] as Σ
I = −iΦIS.
3
VI are defined by 6
WIα ≡ −
1
4
D¯2DαV
I ,
VI ≡ −∂yV
I + ΣI + Σ¯I . (2.6)
For simplicity, we will consider only abelian gauge groups in this paper. The boundary
Lagrangians L(ϑ
∗)
brane (ϑ
∗ = 0, pi) are discussed in the next two subsections. The letter g sym-
bolically denotes the gauge coupling constants. Their explicit forms are provided together
with the generators tI , such as Eqs.(2.11) and (2.20). These gauge couplings can be either
even or odd under the Z2-parity. While Z2-even couplings are constants over the whole
spacetime, Z2-odd couplings have kink profiles. Namely the latter are constants times the
periodic step function ε(y) defined by
ε(y) =


1 (2npiR < y < (2n+ 1)piR)
0 (y = npiR)
−1 ((2n− 1)piR < y < 2npiR)
(2.7)
for an arbitrary integer n. Such Z2-odd coupling constants are consistently realized in
SUGRA context by the so-called four-form mechanism proposed in Ref. [13, 25].
Note that Eq.(2.3) is a shorthand expression for the full SUGRA action. We can always
restore the full action by promoting d4θ and d2θ integrals to the D- and F -term formulae
of N = 1 conformal SUGRA formulation [10], which are compactly listed in Appendix C
of Ref. [14].
The superspace action (2.3) has a similar form to that of Ref. [26]. As we have pointed
out in Ref. [17], however, the latter action is not consistent with the 5D conformal SUGRA
based on Ref. [12, 13, 14] especially in the case that a physical hyperscalar has a nontrivial
background just like in Ref. [27].
As we have indicated in Ref. [20], there are some N = 1 multiplets that interfere with a
naive dimensional reduction keeping the N = 1 off-shell structure. VE is one of them. The
authors of Ref. [21] noticed that it can be easily integrated out because it does not have a
kinetic term.7 After integrating out VE , the bulk part of the action (2.3) is rewritten as
Lbulk =
[∫
d2θ
{
−
NJK
4
(Σ)WJWK +
NIJK
48
D¯2
(
V IDα∂yV
J −DαV I∂yV
J
)
WKα
}
+ h.c.
]
−3e2σ
∫
d4θ N 1/3(V)
{
d ba Φ¯
b
(
e−2igV
I tI
)a
c
Φc
}2/3
−e3σ
[∫
d2θ Φad ba ρbc
(
∂y − 2igΣ
ItI
)c
d
Φd + h.c.
]
. (2.8)
Note that this procedure can be performed independently of the boundary actions because
VE does not appear in them.
6 The gauge invariant combinations for SU(2)U are W
I
α and V
I/VE .
7 This does not mean that e 4y is an auxiliary field. It is also contained in Σ
I (I = 0, · · · , nV), which
have their own kinetic terms.
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V I
′
ΣI
′
V I
′′
ΣI
′′
Φ2aˆ−1 Φ2aˆ
Z2-parity − + + − − +
Table 2: The orbifold parities in the case of nC = 1. The indices run over I
′ = 0, 1, · · · , n′V;
I ′′ = n′V + 1, n
′
V + 2, · · · , nV; aˆ = 1, 2, · · · , nH + 1.
The expression (2.8) is useful for finding a supersymmetric solution, or a BPS back-
ground. The Killing spinor equations, or the BPS equations, are expresssed as conditions
that D- and F -components of all N = 1 multiplets vanish [16, 17]. Thus we have only
to pick up linear terms for the D- and F -components from the action and put them to
zero in order to obtain the BPS equations. This greatly simplifies the calculation. Let us
demonstrate this procedure in specific models in the cases of nC = 1, 2.
2.2 nC = 1 case
Let us first consider a case that the compensator multiplet consists of a single hypermulti-
plet. In the following, we divide the index I into (I ′, I ′′) so that V I
′
and V I
′′
are odd and
even under the Z2-parity respectively. The Z2-parity of each N = 1 multiplet is listed in
Table 2.8
The boundary Lagrangian in this case is written as
L(ϑ
∗)
brane =
[∫
d2θ
1
4
f
(ϑ∗)
I¯ J¯
(Q)W I¯W J¯ + h.c.
]
− 3e2σ
∫
d4θ
∣∣Φa=2∣∣4/3 exp{−K(ϑ∗)(Q¯, Q, U)/3}
+e3σ
[∫
d2θ
(
Φa=2
)2
P (ϑ
∗)(Q) + h.c.
]
, (2.9)
where U I¯ and Qa¯ are N = 1 vector and chiral multiplets. The barred indices I¯ and a¯ run
over not only the induced multiplets on the boundaries from the bulk but also boundary-
localized multiplets, if any. W I¯ is a superfield strength of U I¯ . Functions f (ϑ
∗)
I¯ J¯
, K(ϑ
∗)
and P (ϑ
∗) are the gauge kinetic functions, the Ka¨hler potentials and the superpotentials,
respectively. Note that only Φa=2 can appear as an N = 1 chiral compensator multiplet in
the boundary actions because Φa=1 is Z2-odd and vanishes on the boundaries. The powers
of Φ2 are determined by the Weyl weight counting.9 Since the Weyl weights of the matter
multiplets in the N = 1 off-shell action must be zero [10], the bulk multiplets can appear
in L(ϑ
∗)
brane only in the form of
U I = V I , Qaˆ =
Φ2aˆ
Φ2
. (aˆ ≥ 2) (2.10)
As a specific example, let us consider a case that (nC, nH) = (1, 1) and the boundary
8 For the hypermultiplets (Φ2aˆ−1,Φ2aˆ), we can always choose the Z2-parities as listed in Table 2 by
using SU(2)U .
9 The arguments of D- and F -term formulae must have the Weyl weight 2 and 3, respectively.
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actions are absent. The hypermultiplets are charged for (V I ,ΣI) as
igtI = σ3 ⊗ ε(y)
(
3
2
kI
mI
)
, (2.11)
where the Pauli matrix σ3 acts on each hypermultiplet (Φ
2aˆ−1,Φ2aˆ), and ε(y) is defined in
(2.7). We assume that all V I are Z2-odd for simplicity (i.e., I = I
′). The relevant part of
the Lagrangian to obtain the BPS equations is
L = −3e2σ
∫
d4θ N 1/3(V)
{
e−3k·V
∣∣Φ1∣∣2 + e3k·V ∣∣Φ2∣∣− e−2m·V ∣∣Φ3∣∣2 − e2m·V ∣∣Φ4∣∣2}2/3
−2e3σ
[∫
d2θ
{
Φ1
(
∂y +
3
2
σ˙ + 3k · Σ
)
Φ2 − Φ3
(
∂y +
3
2
σ˙ + 2m · Σ
)
Φ4
}
+ h.c.
]
+ · · · (2.12)
where σ˙ ≡ dσ/dy and k · V ≡ ε(y)kIV I , m · V ≡ ε(y)mIV I , · · · . The BPS equations are
read off as follows.
e−2σ
N 1/3
∂y
(
e2σ
NI
N 2/3
)
= 6ε(y)kI
(∣∣ϕ1∣∣2 − ∣∣ϕ2∣∣2)− 4ε(y)mI (∣∣ϕ3∣∣2 − ∣∣ϕ4∣∣2) ,
ε(y)
(
3kIϕ
1ϕ2 − 2mIϕ
3ϕ4
)
= 0,(
∂y +
3
2
σ˙ + 3k · ϕΣ
)
ϕ2 = 0,
(
∂y +
3
2
σ˙ − 3k · ϕΣ
)
ϕ1 = 0,(
∂y +
3
2
σ˙ + 2m · ϕΣ
)
ϕ4 = 0,
(
∂y +
3
2
σ˙ − 2m · ϕΣ
)
ϕ3 = 0, (2.13)
where ϕa (a = 1, 2, 3, 4) and ϕIΣ are the lowest components of the chiral multiplets Φ
a and
ΣI , respectively. The arguments of N ’s in the first equation are 2ReϕΣ. The equations
in (2.13) come from the conditions that the D-component of V I , F -components of ΣI , Φ1,
Φ2, Φ3 and Φ4 vanish. By solving (2.13) partially with the superconformal gauge-fixing
conditions in Appendix A, we obtain the following equations for 0 < y < piR.
e−2σ∂y
(
e2σNI(2ReϕΣ)
)
+ 6kI +
2(3kI − 2mI) |C0|
2 exp
{
2(3k − 2m) ·
∫ y
0
dy′ ReϕΣ
}
1− |C0|
2 exp
{
2(3k − 2m) ·
∫ y
0
dy′ ReϕΣ
} = 0,
(2.14)
ϕ3 = 0, ϕ4 =
C0 exp
{
(3k − 2m) ·
∫ y
0
dy′ ϕΣ
}
[
1− |C0|
2 exp
{
2(3k − 2m) ·
∫ y
0
dy′ ReϕΣ
}]1/2 , k · ImϕΣ = 0, (2.15)
where C0 is an integration constant. We have chosen the gauge where e
4
y = 1. Thus the
D-gauge fixing condition (A.2) becomes
N (2ReϕΣ) = 1. (2.16)
Note that e 4y does not appear in the action (2.3) explicitly, but appear only in the gauge
fixing condition (A.2) in our superfield description. The BPS background of ϕIΣ is obtained
as a solution of Eq.(2.14). Plugging it into Eq.(2.15), the background of ϕ4 is obtained.
6
V I
′
ΣI
′
V I
′′
ΣI
′′
VT ΣT Φ
1 Φ2 Φ2aˆ−1 Φ2aˆ
Z2-parity − + + − + − − + + −
Table 3: The orbifold parities in the case of nC = 2. The indices run over I
′ = 0, 1, · · · , n′V;
I ′′ = n′V + 1, n
′
V + 2, · · · , nV; aˆ = 2, 3, · · · , nH + 2.
In the case that nV = 0 (and C000 = 1), the BPS solution is
σ = −k0y +
1
3
ln
1− |C0|
2 e(3k0−2m0)y
1− |C0|
2 ,
ϕ3 = 0, ϕ4 =
C0 exp
{(
3
2
k0 −m0
)
y
}
[
1− |C0|
2 exp {(3k0 − 2m0)y}
]1/2 , ϕ0Σ = 12 , (2.17)
for 0 ≤ y ≤ piR. Here we have chosen the gauge where e 4y = 1. Namely R coincides with
the radius of S1/Z2 in this case. In this model, R is an arbitrary constant, which means
that the radion mode is a modulus. The arbitrary constant C0 indicates the existence of
another modulus in ϕ4. When C0 is small, the background geometry is approximately the
Randall-Sundrum warped spacetime, and the gauge couplings k0 and m0 correspond to the
AdS5 curvature and the bulk (kink) mass for the hypermultiplet, respectively.
2.3 nC = 2 case
Next we consider the two-compensator-hypermultiplet case. In this case, the manifold
spanned by the hyperscalars becomes SU(2, nH)/SU(2)×SU(nH)×U(1). Especially when
nH = 1, this corresponds to the manifold of the universal hypermultiplet, which appears
in the reduction of the heterotic M-theory on S1/Z2 to five dimensions. Because we have
one more compensator multiplet in addition to the previous case, we introduce an abelian
vector multiplet (VT ,ΣT ) without its own kinetic term to eliminate the additional degrees
of freedom for the second compensator multiplet [12, 13]. The charges of the hypermul-
tiplets for this U(1)T vector multiplet are assigned as igtT = σ3 ⊗ 12+nH . Namely, Φ
2aˆ−1
(Φ2aˆ) carries +1 (−1) charge. According to Ref. [12, 13], we choose the Z2-parities of the
hypermultiplets as listed in Table 3.
Now we consider the boundary Lagrangians. Note that only Φ2Φ3 is gauge invariant
for U(1)T among the combinations of the two Z2-even chiral compensators. Thus L
(ϑ∗)
brane
has the following form.
L(ϑ
∗)
brane =
[∫
d2θ
1
4
f
(ϑ∗)
I¯ J¯
(Q)W I¯W J¯ + h.c.
]
− 3e2σ
∫
d4θ
∣∣Φ2Φ3∣∣2/3 exp{−K(ϑ∗)(Q¯, Q, U)/3}
+e3σ
[∫
d2θ (Φ2Φ3)P (ϑ
∗)(Q) + h.c.
]
. (2.18)
The powers of Φ2Φ3 are determined by the Weyl weight counting. Since the physical chiral
multiplets must have zero Weyl weights and be neutral for U(1)T , the hypermultiplets
7
appear in L(ϑ
∗)
brane in the form of
Qaˆ =
Φ2aˆ−1
Φ3
. (aˆ ≥ 3) (2.19)
As a specific example, we consider a case of nH = 1, where the system contains a single
physical hypermultiplet, i.e., the universal hypermultiplet. The orbifold projection reduces
the isometry group of the hyperscalar manifold U(2, 1) to the subgroup U(1)×U(1, 1). We
partially gauge this unbroken isometry by Z2-odd vector multiplets V
I (I = I ′) as
igtI = σ3 ⊗ ε(y)

 −βI 0 00 αI αI
0 −αI −αI

 , (2.20)
where αI and βI are gauge couplings for U(1) and a subgroup of U(1, 1), respectively. This
corresponds to a generalization of the situation in Ref. [5] where an effective theory of the
heterotic M theory is considered. The Lagrangian is written as
L = −3e2σ
∫
d4θ N 1/3(V)
{
e−2VT
(
e2β·V
∣∣Φ1∣∣2 +Φ†σ3e−2α·V τΦ)
+e2VT
(
e−2β·V
∣∣Φ2∣∣2 +Φc†σ3e2α·V τΦc)}2/3
−2e3σ
[∫
d2θ
{
Φ1
(
∂y +
3
2
σ˙ − 2β · Σ + 2ΣT
)
Φ2
+Φtσ3
(
∂y +
3
2
σ˙ + 2(α · Σ)τ + 2ΣT
)
Φc
}
+ h.c.
]
+ · · · , (2.21)
where the ellipsis denotes terms corresponding to the first line of (2.8), which are irrelevant
to finding a BPS background, and α · V ≡ ε(y)αIV I , β · V ≡ ε(y)βIV I , · · · ,
Φ ≡
(
Φ3
Φ5
)
, Φc ≡
(
Φ4
Φ6
)
, τ ≡ σ3 + iσ2 =
(
1 1
−1 −1
)
. (2.22)
We have not introduced the boundary actions for simplicity.
From the equations of motion for VT and ΣT , we obtain
e4VT =
e2β·V |Φ1|
2
+Φ†σ3e
−2(α·V )τΦ
e−2β·V |Φ2|2 +Φc†σ3e2(α·V )τΦ
c
, (2.23)
Φ1Φ2 +Φtσ3Φ
c = 0. (2.24)
Namely ΣT plays a role of a Lagrange multiplier. Using these equations, the action (2.21)
becomes
L = −3e2σ
∫
d4θ
{
4N (V)
(∣∣Φ1∣∣2 +Φ†σ3e−2(β+ατ)·VΦ)(∣∣Φ2∣∣2 +Φc†σ3e2(β+ατ)·VΦc)}1/3
−2e3σ
[∫
d2θ
{
Φ1∂yΦ
2 +Φtσ3 (∂y + 2(β + ατ) · Σ)Φ
c
}
+ h.c.
]
+ · · · , (2.25)
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with the constraint (2.24). Thus the BPS equations are read off as follows.
e−2σ
N 1/3
∂y
{
e2σ
NI
N 2/3
}
= 4ε(y)
{
ϕ†σ3(βI + αIτ)ϕ− ϕ
c†σ3(βI + αIτ)ϕ
c
}
,
ε(y)ϕtσ3(βI + αIτ)ϕ
c = 0,{
∂y + 3σ˙ − 2(β + ατ) · ϕΣ +
∂yϕ
2
ϕ2
}
ϕ = 0,{
∂y + 2(β + ατ) · ϕΣ −
∂yϕ
2
ϕ2
}
ϕc = 0, (2.26)
where ϕ and ϕc are the lowest components of Φ and Φc, respectively. The arguments of
N ’s in the first equation are 2ReϕΣ. We have used the gauge-fixing condition (A.7).
Here we show a solution of (2.26) in the simplest case, i.e., nV = 0 and C000 = 1.
Let us choose the gauge where e 4y = 1. Then Reϕ
0
Σ = 1/2 from the D gauge-fixing
condition (A.2). A BPS solution of (2.26) consistent with the gauge-fixing (A.9) is given
for 0 < y < piR as follows.
e6σ = e2β0y {A+ 2Bα0y} , Imϕ
0
Σ = 0,
S ≡
1− φ2
1 + φ2
=
A
B
+ 2α0y, ξ ≡
φ1
1 + φ2
= 0, (2.27)
where A and B are real integration constants, and φ1, φ2 are the physical scalars defined
in (A.9). The real part of S corresponds to the volume of the Calabi-Yau manifold in the
heterotic M theory. When β0 = 0, the solution (2.27) agrees with that obtained in Ref. [5]
after moving to the gauge where e 4y = 1 in the latter. As can be seen from the result (2.27),
the Calabi-Yau volume ReS depends on only α0. The β0-gauging affects on the background
geometry and induces an exponential warp factor just like the Randall-Sundrum model.
The linear dependence on α0 in the above solution stems from the nilpotency of τ .
In the case of an arbitrary number of nV, we can express a BPS solution in an analytic
form if βI = 0 or αI = 0. As in the second paper of Ref. [5], the solution is expressed in
terms of real functions f I = f I(y), which are implicitly defined as follows (for 0 < y < piR).
When βI = 0, f
I are defined by
NI(f) = 8αIBy + cI , (2.28)
where B and cI are real integration constants. We have chosen the gauge where e
4
y = e
4σ.
So R is no longer the radius of the orbifold. Using these functions, the BPS solution is
expressed as
e3σ = N (f), ϕIΣ =
e−σf I
2
, S =
N 2(f)
B
. (2.29)
When αI = 0, on the other hand, f
I are defined by
NI(f) = 2βIy + dI , (2.30)
where dI are real integration constants. We have chosen the gauge where e
4
y = e
−2σ. The
BPS solution in this case is expressed as
e3σ = N (f), ϕIΣ =
e−σf I
2
, S = (constant). (2.31)
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3 Off-shell dimensional reduction
In this section, we will derive the 4D effective action keeping the N = 1 structure manifest.
The key is a treatment of the Z2-odd N = 1 multiplets. Since they do not have zero
modes, they should be integrated out from the low-energy effective action. As is shown
in Ref. [15, 22], heavy fields are eliminated by their equations of motion. Up to the two-
derivative order for 4D spacetime coordinates xµ, contributions from the kinetic terms for
the heavy fields are negligible because they are suppressed by a power of Etyp/Mheavy, where
Etyp is a typical energy scale in the effective theory andMheavy is the mass scale of the heavy
fields. Thus we can drop the kinetic terms for the heavy fields from the original action if we
work up to the two-derivative order. The conformal SUGRA actions of Refs. [12, 13, 14],
on which our derivation is based, includes terms only up to two-derivative order. Therefore
we will apply the following prescription to the 5D SUGRA action.
Prescription:
Drop the kinetic terms for the Z2-odd N = 1 multiplets. (3.1)
After this prescription, the Z2-odd multiplets play similar roles to the Lagrange multipliers
and provide constraints on the Z2-even multiplets. In fact, such constraints extract the
zero modes from the original 5D theory. As will be shown below, only 4D modes remain
as the physical degrees of freedom after this prescription.
3.1 Extraction of 4D modes
The action (2.8) is invariant under the following gauge transformation up to total deriva-
tives.
V˜ I = V I + ΛI + Λ¯I ,
Σ˜I = ΣI + ∂yΛ
I ,
Φ˜a =
(
e2igΛ
I tI
)a
b
Φb, (3.2)
where the transformation parameters ΛI (I = 0, 1, · · · , nV) are chiral multiplets. The
(abelian) gauge groups act on each hypermultiplet (Φ2aˆ−1,Φ2aˆ) as σ3 or σ1,2. Since Φ
2aˆ−1
and Φ2aˆ have opposite Z2-parities, gΛ
I is even (odd) for the σ3- (σ1,2-) gauging.
In this section we consider the σ3-gauging case. The other case is discussed in Sect. 4.2.
Let us choose the gauge transformation parameter ΛI as
ΛI
′
(y) = ΛI
′
Σ (y) ≡ −ε(y)
∫ y
0
dy′ ε(y′)ΣI
′
(y′),
ΛI
′′
(y) = ΛI
′′
Σ (y) ≡ −
∫ y
0
dy′ ΣI
′′
(y′). (3.3)
Then ΣI are transformed to
Σ˜I
′
= piT I
′
δ(y − piR) + · · · ,
Σ˜I
′′
= 0, (3.4)
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where T I
′
are 4D chiral multiplets defined by
T I
′
≡
2
pi
∫ piR
0
dy ΣI
′
(y). (3.5)
Thus ΣI are gauged away from the bulk Lagrangian. The ellipsis in (3.4) denotes finite
terms on the boundaries, which are neglected in the y-integral because their supports are
measure zero. In the case of n′V = 0, T
0 corresponds to the so-called a radion multi-
plet. The first line of (2.8), LCS, corresponds to the supersymmetric Chern-Simons term
and is invariant up to a total derivative for y under the transformation (3.2). Thus the
following total derivative terms newly appear after rewriting the action in terms of the
gauge-transformed quantities.
δLCS =
∫
d2θ ∂y
(
CIJK
2
ΛIΣW˜
JW˜K
)
+ h.c.. (3.6)
This becomes surface terms for the y-integration.
In the following we consider a case that (nC, nH) = (1, 1) for simplicity while nV is left
to be an arbitrary number. Since Φ˜1 is Z2-odd, the 4D chiral compensator multiplet is
expected to be contained in Φ˜2. Thus we redefine the hypermultiplet Φ˜a (a = 1, 2, 3, 4) as
Φ˜1 = e−
3
2
σφ
3
2φc, Φ˜2 = e−
3
2
σφ
3
2 ,
Φ˜3 = e−
3
2
σφ
3
2Hc, Φ˜4 = e−
3
2
σφ
3
2H. (3.7)
We have rescaled Φ˜a by the warp factor so that explicit σ-dependence disappears from the
action. Only φ carries a nonzero Weyl weight, i.e., one, and the other multiplets (φc, Hc, H)
have zero weights. Then the Lagrangians (2.8) and (2.9) are rewritten as the following form.
L =
[∫
d2θ
{
CIJK
8
D¯2
(
V˜ IDα∂yV˜
J −DαV˜ I∂yV˜
J
)
W˜Kα
}
+ h.c.
]
+ δLCS
−3
∫
d4θ N 1/3(V) |φ|2
{
e−3k·V˜ |φc|2 + e3k·V˜ − e−2m·V˜ |Hc|2 − e2m·V˜ |H|2
}2/3
−2
[∫
d2θ
{
φ
3
2φc∂y(φ
3
2 )− φ
3
2Hc∂y(φ
3
2H)
}
+ h.c.
]
+
∑
ϑ∗=0,pi
[∫
d2θ φ3P (ϑ
∗)(Q) + h.c.
]
δ(y − ϑ∗R),
(3.8)
where the hypermultiplets are charged for V I as
igtI′ = σ3 ⊗ ε(y)
(
3
2
kI′
mI′
)
, igtI′′ = σ3 ⊗
(
gcI′′
ghI′
)
, (3.9)
and 3
2
k · V˜ ≡ 3
2
ε(y)kI′V˜
I′ + gcI′′V˜
I′′, m · V˜ ≡ ε(y)mI′V˜ I
′
+ ghI′′ V˜
I′′ . For simplicity, we have
introduced only the superpotentials P (ϑ
∗) in the boundary action.
Now we perform the prescription (3.1). Specifically, it is translated into the following.
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• Drop the Z2-odd chiral multiplets in the d4θ-integral.
• Drop the Z2-odd superfield strengths WI
′
α .
Then φc and Hc appear only in the d2θ-integral in the third line of (3.8). From their
equations of motion, we obtain
∂yφ = 0, ∂yH = 0. (3.10)
This means that φ and H are 4D multiplets. Hence φ is identified with the 4D chiral
compensator. Note that the constraints in (3.10) are obtained independently of the back-
ground, in contrast to Ref. [21] where they are obtained from the BPS equations.
ΣI correspond to the gauge fields that covariantize the derivative operator ∂y. Thus
Eq.(3.10) restricts the allowed gauge transformation to the one which keeps Σ˜I = 0 because
the derivative operator ∂y acting on the hypermultiplets are now absent in the action.
Namely only the y-independent ΛI
′′
are allowed.10 This indicates that the corresponding
gauge multiplets V I
′′
must also be independent of y.
∂yV˜
I′′ = 0. (3.11)
Using this, the first line of (3.8), L1, becomes a total derivative for y.
L1 ≡
∫
d2θ
{
CI′′J ′K ′′
8
D¯2
(
V˜ I
′′
Dα∂yV˜
J ′ −DαV˜ I
′′
∂yV˜
J ′
)
W˜K
′′
α
}
+ h.c. + δLCS
=
∫
d2θ ∂y
{
CI′′J ′K ′′
8
D¯2
(
V˜ I
′′
DαV˜ J
′
−DαV˜ I
′′
V˜ J
′
)
W˜K
′′
α
+
CI′J ′′K ′′
2
ΛI
′
ΣW˜
J ′′W˜K
′′
}
+ h.c.. (3.12)
This becomes surface terms for the y-integration. Here note that the transformed quan-
tities by ΛΣ are discontinuous or singular at y = piR. (See Eq.(3.4).) This singularity is
an artifact due to the discontinuous gauge transformation. The bulk Lagrangian has no
singular terms in the original field basis. So we can safely neglect the contributions on
the boundary y = piR for the bulk action. In such a case, the above surface terms have
nonvanishing values at y → piR− while there are no contributions from the delta functions
in (3.4). On the other hand, if we take the domain of the y-integration as 0 ≤ y ≤ piR,
the surface terms vanishes at y = piR while the delta functions in (3.4) compensate their
contributions, and the same result is obtained as the case of 0 ≤ y < piR. Thus, in the
following, we will take the domain of the y-integration as 0 ≤ y < piR for the bulk action
in order to avoid the singular contributions at y = piR. From Eqs.(3.3) and (3.4),
lim
y→piR−
ΛI
′
Σ = −
pi
2
T I
′
, (3.13)
and thus
lim
y→piR−
V˜ I
′
= −piReT I
′
. (3.14)
10 Nonvanishing y-independent ΛI
′
are not allowed since they are Z2-odd.
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We have assumed the continuity of V I
′
at the boundaries. Using (3.13) and (3.14), the 4D
effective Lagrangian coming from L1 is calculated as
L(4D)1 ≡
∫ piR−
0
dy L1 = −
∫
d2θ
3pi
4
CI′′J ′K ′′T
J ′W˜I
′′
W˜K
′′
+ h.c. + · · · . (3.15)
We have used the relations d2θ¯ = −1
4
D¯2, DαW˜α = D¯α˙
¯˜W α˙ and the partial integral for
θα in the calculation. The ellipsis denotes terms involving DαT or D¯α˙T¯ . They involve
higher order derivative terms for the 4D coordinates xµ and are dropped in a truncation
at two-derivative order we are working.
There is an important point to notice about Eq.(3.10). It holds only in the bulk
(0 < y < piR) because it comes from the equations of motion for the Z2-odd multiplets,
which vanish on the boundaries. Thus φ and H can have different values on the boundaries
from their bulk values φbulk and Hbulk. In fact, from Eqs.(3.2), (3.13) and ε(piR) = 0,
lim
y→piR−
Φ˜2(y) = e
3
2
pik
I′
T I
′
e−2g
c
I′′
ΛI
′′
Σ Φ2(piR) = e
3
2
pik
I′
T I
′
Φ˜2(piR),
lim
y→piR−
Φ˜4(y) = epimI′T
I
′
e−2g
h
I′′
ΛI
′′
Σ Φ4(piR) = epimI′T
I
′
Φ˜4(piR). (3.16)
From this and (3.7), we can see
φbulk = e
pik
I′
T I
′
φ|piR,
Hbulk = e
−pi( 32kI′−mI′)T I
′
H|piR. (3.17)
On the other hand, φ and H are continuous at y = 0 because ΛIΣ are continuous there.
φbulk = φ|0, Hbulk = H|0. (3.18)
The 4D effective Lagrangian L(4D) is obtained by performing the y-integration for the
5D Lagrangian.
L(4D) = −
[∫
d2θ
3pi
4
CI′J ′′K ′′T
I′W˜J
′′
W˜K
′′
+ h.c.
]
−3
∫
d4θ |φ|2
{∫ piR−
0
dy Nˆ 1/3(−∂yV˜ ) e
2k·V˜
(
1− e−(3k−2m)·V˜ |H|2
)2/3}
+
[∫
d2θ φ3
1
2
{
P (0)(Q) + e−3pikI′T
I
′
P (pi)(Q)
}
+ h.c.
]
,
(3.19)
where φ and H are understood as φbulk and Hbulk, and
Nˆ (X) ≡ CI′J ′K ′X
I′XJ
′
XK
′
. (3.20)
From Eqs.(2.10), (3.7), (3.17) and ε(ϑ∗R) = 0 (ϑ∗ = 0, pi),
Q =
Φ4
Φ2
∣∣∣∣
ϑ∗R
= H|ϑ∗R = exp
{
ϑ∗
(
3
2
kI′ −mI′
)
T I
′
}
Hbulk (3.21)
13
in the case that Q is an induced multiplet from the bulk. Here we have dropped ΛI
′′
Σ -
dependence in the boundary actions because they will be cancelled out due to the gauge
invariance.
The action (3.19) contains all the 4D multiplets that should appear in the effective
theory. The only task to derive the effective Lagrangian is integrating out V˜ I
′
in (3.19).
3.2 Integrating out V˜ I
′
3.2.1 n′V = 0 case
As pointed out in Ref. [21], V˜ I
′=0 can easily be integrated out in the case of n′V = 0. Since
Nˆ 1/3(−∂yV˜ ) = −∂yV˜ 0 in this case, the y-integral in (3.19) can be performed straightfor-
wardly. ∫ piR−
0
dy Nˆ 1/3(−∂yV˜ )e
2k·V˜
(
1− e−(3k−2m)·V˜ |H|2
)2/3
= −
∫ −piReT
0
dV˜ 0 e2kV˜
0
(
1− e−(3k−2m)V˜
0
|H|2
)2/3
=
1− e−2pikReT
2k
−
2
(
epi(k−2m)Re T − 1
)
3(k − 2m)
|H|2 +O
(
|H|4
)
, (3.22)
where k ≡ k0, m ≡ m0, and T ≡ T 0 corresponds to the radion multiplet. We have used
(3.14). Note that we do not need to know an explicit y-dependence of V˜ 0 in order to derive
the 4D effective Lagrangian. In fact, the y-dependence of V˜ 0 remains undetermined in the
off-shell dimensional reduction. The situation is similar in the case of n′V ≥ 1. We can
derive the 4D effective Lagrangian without the knowledge about explicit y-dependences of
V˜ I
′
as will be shown in the folowing.
3.2.2 n′V ≥ 1 case
The equations of motion for V˜ I
′
are obtained from (3.19) as
Nˆ 1/3e2k·V˜
{
2kI′
(
1− e−(3k−2m)·V˜ |H|2
)2/3
+
2
3
(3kI′ − 2mI′)e−(3k−2m)·V˜ |H|
2(
1− e−(3k−2m)·V˜ |H|2
)1/3
}
−∂y
{
−
NˆI′
3Nˆ 2/3
e2k·V˜
(
1− e−(3k−2m)·V˜ |H|2
)2/3}
= 0, (3.23)
for 0 < y < piR. Here and henceforth, the arguments of Nˆ ’s are understood as VI
′
=
−∂yV˜ I
′
unless they are explicitly specified. This can be rewritten as{
∂y
(
NˆJ ′
Nˆ
)
+ 6kJ ′ +
2(3kJ ′ − 2mJ ′)e−(3k−2m)·V˜ |H|
2
1− e−(3k−2m)·V˜ |H|2
}
PJ
′
I′(−∂yV˜ ) = 0. (3.24)
where
PJ
′
I′(X) ≡ δ
J ′
I′ −
XJ
′
NˆI′
3Nˆ
(X) (3.25)
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is a projection operator which satisfies
PJ
′
I′(X)X
I′ = NˆJ ′(X)P
J ′
I′(X) = 0. (3.26)
Thus only n′V equations among (n
′
V + 1) ones are independent in Eq.(3.24).
To illustrate the procedure, we consider a special case that 3kI′ = 2mI′ for all I
′ in this
subsection.11 Namely the compensator and the physical hypermultiplets have the same
charges for all V I
′
. In this case, Eq.(3.23) is reduced to
Nˆ 1/3e2k·V˜
(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3
= −
1
2kIˇ′
∂y
{
NˆIˇ′
3Nˆ 2/3
e2k·V˜
(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3}
.
(3.27)
The checked index Iˇ ′ denotes that we do not sum over it. Note that the left-hand side is
equal to the integrand of the d4θ-integral in (3.19). Thus Eq.(3.27) means that the second
line of (3.19) can be rewritten as surface terms for the y-integral.
Since Nˆ is a cubic polynomial, NˆI′/Nˆ 2/3 are functions of n′V independent variables v
i
(i = 1, 2, · · · , n′V) defined by
vi ≡
∂yV˜
I′=i
∂yV˜ 0
. (3.28)
Namely,
NˆIˇ′
2kIˇ′Nˆ
2/3
(−∂yV˜ ) ≡ FI′(v). (3.29)
Using (3.27) and (3.29), the 4D Lagrangian (3.19) can be rewritten as
L(4D) = −
[∫
d2θ
3pi
4
CI′J ′′K ′′T
I′W˜J
′′
W˜K
′′
+ h.c.
]
+
∫
d4θ |φ|2
{
FJ ′(vpi)e
−2pik
I′
ReT I
′
− FJ ′(v0)
}(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3
+
[∫
d2θ φ3
1
2
{
P (0)(Q) + e−3pikI′T
I
′
P (pi)(Q)
}
+ h.c.
]
, (3.30)
for each J ′. Here vi0 and v
i
pi are boundary values of v
i at y = 0 and y = piR, respectively.
The last task to obtain the effective Lagrangian is to express vi0 and v
i
pi in terms of the
physical multiplets. Since the H-dependence of Eq.(3.27) can be factored out 12, Eq.(3.27)
is rewritten as
∂y
(
NˆIˇ′
kIˇ′Nˆ
2/3
)
= −
6(kP)Iˇ′
kIˇ′
Nˆ 1/3, (3.31)
where (kP)I′ ≡ kJ ′PJ
′
I′, and the argument of P is −∂yV˜ . The right-hand side of (3.31)
can be rewritten in the following form.
(R.H.S.) = −GI′Jˇ ′(v)∂yV˜
Jˇ ′, (3.32)
11 The basic procedure is similar also in a generic case that 3kI′ 6= 2mI′ for some I ′, which is discussed
in Appendix B.
12 Recall that both H and V I
′′
are y-independent.
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where GI′J ′ are some functions of vi. Thus, from Eq.(3.31), we obtain
− ∂yV˜
J ′ =
∂yFIˇ′(v)
GIˇ′J ′(v)
≡
n′
V∑
i=1
HI′J ′i(v
1, v2, · · · , vn
′
V)∂yv
i, (3.33)
where J ′ = 0, 1, · · · , n′V. Since the left-hand side is independent of I
′, there are (n′V − 1)
independent equations 13 among HI′J ′i(v) for given J ′ and i.
H1J ′i(v) = H2J ′i(v) = · · · = Hn′
V
J ′i(v). (3.34)
Using these equations, we can rewrite the coefficient function H1J ′i(v) so that it depends
on only vi for each i. Namely, (3.33) for I ′ = 1 is rewritten as the following form.
− ∂yV˜
J ′ =
n′
V∑
i=1
HˆJ ′i(v
i)∂yv
i. (3.35)
Integrating this over [0, piR), we obtain
piReT J
′
=
∑
i
∫ vipi
vi0
dvi HˆJ ′i(v
i) =
∑
i
{
QJ ′i(v
i
pi)−QJ ′i(v
i
0)
}
, (3.36)
where QJ ′i(vi) are integrals of HˆJ ′i(vi). From the second line of (3.30), we obtain the
following (n′V − 1) independent equations among (v
i
0, v
i
pi) and T
I′.14
F1(vpi)e
−2k
I′
ReT I
′
− F1(v0) = F2(vpi)e
−2k
I′
ReT I
′
−F2(v0)
= · · · = Fn′
V
(vpi)e
−2k
I′
ReT I
′
− Fn′
V
(v0). (3.37)
Using these equations, we can express (n′V−1) variables, say (v
2
pi, · · · , v
n′
V
pi ), in terms of the
other v’s and ReT I
′
.
v2pi = v
2
pi(v
1
0, v
2
0, · · · , v
n′
V
0 , v
1
pi,ReT
0,ReT 1, · · · ,ReT n
′
V),
...
v
n′
V
pi = v
n′
V
pi (v
1
0, v
2
0, · · · , v
n′
V
0 , v
1
pi,ReT
0,ReT 1, · · · ,ReT n
′
V). (3.38)
Then Eq.(3.36) becomes the following form.
piReT J
′
= T J
′
(v10, v
2
0, · · · , v
n′
V
0 , v
1
pi,ReT
0,ReT 1, · · · ,ReT n
′
V), (3.39)
where J ′ = 0, 1, · · · , n′V. Solving these equations for (v
1
0, v
2
0, , · · · , v
n′V
0 , v
1
pi) and substituting
them into Eq.(3.38), all (vi0, v
i
pi) are expressed in terms of ReT
I′.
vi0 = v
i
0(ReT
0,ReT 1, · · · ,ReT n
′
V),
vipi = v
i
pi(ReT
0,ReT 1, · · · ,ReT n
′
V), (3.40)
where i = 1, 2, · · · , n′V. Plugging these into (3.30), we obtain the final result.
In the case that 3kI′ 6= 2mI′ for some I
′, we can perform a similar procedure and obtain
the 4D effective action as shown in Appendix B.
13 Recall that only n′
V
equations among (nV+1) ones in (3.31) are independent. Thus I
′ runs over only
n′
V
different values in (3.33).
14 Since only n′
V
equations are independent in Eq.(3.27), the number of independent equations is (n′
V
−1).
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3.3 More practical method
Note that the derivation of the 4D effective action in the previous subsections does not need
any information about the background. Namely we can perform the procedure regardless
of whether the background is supersymmetric or not. This is because we keep the N = 1
off-shell structure during the process. The background information is obtained only after
we move to the on-shell action. However, for n′V ≥ 1, solving (3.39) to obtain (3.40) is
generically a hard task if Nˆ is a polynomial. Thus we propose alternative method to obtain
the effective action.
Although the fact that the 4D action can be derived without determining the explicit
y-dependences of V˜ I
′
is important, the derivation of the 4D action becomes easier if we
know them. Eq.(3.24) means that
∂y
(
NˆI′
Nˆ
)
+ 6kI′ +
2(3kI′ − 2mI′)e−(3k−2m)·V˜ |H|
2
1− e−(3k−2m)·V˜ |H|2
= ANˆI′ , (3.41)
where A = A(V˜ , ∂yV˜ , H) is an arbitrary function. The funciton A is undetermined in
the off-shell dimensional reduction. Once its explicit form is given, however, explicit y-
dependences of V˜ I
′
are determined. As is clear from the discussion in Sect. 3.2, the final
result does not depend on the explicit function form of A. Therefore we can assume some
definite function form of A by hand in order to calculate the 4D action. It is convenient
to choose A as zero. Namely,
∂y
(
NˆI′
Nˆ
)
+ 6kI′ +
2(3kI′ − 2mI′)e
−(3k−2m)·V˜ |H|2
1− e−(3k−2m)·V˜ |H|2
= 0. (3.42)
Multiplying this by ∂yV˜
I′ and contracting I ′, we obtain
∂y
{
Nˆ e6k·V˜
(
1− e−(3k−2m)·V˜ |H|2
)2}
= 0. (3.43)
This means that the integrand in the second line of (3.19) is independent of y. Therefore
the 4D effective Lagrangian is obtained by taking the integrand as that of y = 0.
L(4D) = −
[∫
d2θ
3pi
4
CI′J ′′K ′′T
I′W˜J
′′
W˜K
′′
+ h.c.
]
−3piR
∫
d4θ |φ|2 Nˆ 1/3
∣∣∣
y=0
(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3
+
[∫
d2θ φ3
1
2
{
P (0)(Q) + e−3pikI′T
I
′
P (pi)(Q)
}
+ h.c.
]
, (3.44)
where Nˆ 1/3|y=0 is evaluated by using a solution of (3.42). The equivalence of (3.44) and
(3.30) is trivial because both are derived from the same expression (3.19).
When the gauge e 4y = e
−2σ is chosen, Eq.(2.14) becomes
∂y
(
e6σNI(2ReϕΣ)
)
+6kI+
2(3kI − 2mI) |C0|
2 exp
{
2(3k − 2m) ·
∫ y
0
dy′ ReϕΣ
}
1− |C0|
2 exp
{
2(3k − 2m) ·
∫ y
0
dy′ ReϕΣ
} = 0. (3.45)
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This has the same form as Eq.(3.42) under the following replacement.15
Nˆ (−∂yV˜ ) → e
−6σ,
−∂yV˜
I′ → 2ReϕI
′
Σ ,
H → C0. (3.46)
In the case that n′V ≥ 1, the BPS solution ϕ
I′
Σ generically has integration constants, just like
cI in (2.28) in the case of nC = 2. Such integration constants (in terms of y) in the solution
of (3.42) corresponds to ReT I
′
. Here we have used the fact that the 4D Ka¨hler potential is
independent of ImT I
′
, which has been shown in the previous subsection. Therefore we can
use a BPS solution to derive the 4D effective action in the case discussed in Sect. 2.2. This
corresponds to a method proposed in Ref. [21]. In fact, we can check that the off-shell 4D
actions in Ref. [21] are reproduced by the method in the previous subsection in the case that
Nˆ is a monomial. However, there is one important point to notice. Our method of the off-
shell dimensional reduction can always be performed regardless of whether the background
is supersymmetric or not. Eq.(3.42) always have a solution even if the background is non-
supersymmetric while the BPS equations do not. Thus the correspondence between (3.42)
and the BPS equations is broken in such a case. In fact, even in a supersymmetric case, the
correspondence can be broken in some models. We will show such an example in Sect. 4.1.
4 Specific examples
In this section, we consider some specific models and demonstrate the procedure of deriving
the 4D effective action discussed in the previous section.
4.1 Tadpole boundary superpotentials
Here we introduce the following boundary superpotentials to the model discussed in Sect. 2.2.
P (0) = J0
Φ4
Φ2
, P (pi) = −Jpi
Φ4
Φ2
, (4.1)
where J0 and Jpi are positive constants.
The BPS equations are read off from the action as in Sect. 2.2. Due to the existence of
the boundary terms, the fourth and sixth equations in (2.13) are modified as(
∂y +
3
2
σ˙ − 3k · ϕΣ
)
ϕ1 = −
ϕ4
2
{J0δ(y)− Jpiδ(y − piR)} ,(
∂y +
3
2
σ˙ − 2m · ϕΣ
)
ϕ3 =
ϕ2
2
{J0δ(y)− Jpiδ(y − piR)} . (4.2)
Using the gauge-fixing condition (A.6), we can see from the first equation in (4.2) that
ϕ4 cannot have nonvanishing background value. On the other hand, ϕ3 has a nontrival
15 In Sect. 2.2, N = Nˆ and I = I ′ since all V I are assumed to be Z2-odd.
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background because of the source term in the right-hand side of the second equation in
(4.2). Thus Eqs.(2.14) and (2.15) are modified as
∂y
(
e6σNI
)
+ 6kI +
(
3
2
kI +mI
)
J20 exp
{
2(3k + 2m) ·
∫ y
0
dy′ ReϕΣ
}
1−
J20
4
exp
{
2(3k + 2m) ·
∫ y
0
dy′ ReϕΣ
} = 0, (4.3)
ϕ3 =
J0 exp
{
(3k + 2m) ·
∫ y
0
dy′ ϕΣ
}
4
[
1−
J20
4
exp
{
2(3k + 2m) ·
∫ y
0
dy′ ReϕΣ
}]1/2 , ϕ4 = k · ImϕΣ = 0. (4.4)
The arguments of N ’s are 2ReϕΣ. The constant Jpi is related to J0 from the boundary
condition of ϕ3 at y = piR as
Jpi = J0 exp
{
(3k + 2m) ·
∫ piR
0
dy ϕΣ
}
. (4.5)
In the case of nV = 0 (and C000 = 1), the model is reduced to that of Ref. [27]. If J0 and
Jpi are small enough, a BPS equation can be solved at the leading order of J0-expansion as
σ = −ky +O(J20 ),
ϕ3 =
J0
4
exp
{(
3
2
k +m
)
y
}{
1 +O(J20 )
}
,
ϕ4 = Imϕ0Σ = 0, (4.6)
where k ≡ k0 and m ≡ m0. Here we have chosen the gauge where e
4
y = 1.
16 The
relation (4.5) becomes
Jpi = J0 exp
{
pi
(
3
2
k +m
)
R
}
. (4.7)
Due to this relation, the radius R is determined by the constants J0 and Jpi, which implies
that the radius is stabilized. Note that there is no arbitrary constant in the background
solution. Namely no modulus exists in this model.
Now we derive the 4D effective action by the procedure explained in the previous
section. In the case of n′V ≥ 1, it is expressed from (3.44) as
L(4D) = −3piR
∫
d4θ |φ|2 N 1/3
∣∣
y=0
(
1− |H|2
)2/3
+
[∫
d2θ φ3
1
2
(
J0 − Jpie
−pi( 32k+m)T
)
H + h.c.
]
. (4.8)
Here note that N 1/3|y=0 in this expression should be evaluated by using a solution of
Eq.(3.41), which has a different form from the BPS equation (4.3). We cannot obtain the
correct effective action by using the BPS background solution in this model.
16 Thus R is now the genuine radius of S1/Z2.
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In the case of nV = 0, we can perform the y-integral for (3.19) straightforwardly without
a complicated procedure of integrating out V I
′
[21] as mentioned in Sect. 3.2.1. In this
model, (3.19) becomes
L(4D) = −3
∫
d4θ |φ|2
{∫ piR
0
dy
(
−∂yV˜
0
)
e2kV˜
0
(
1− e−(3k−2m)V˜
0
|H|2
)2/3}
+
[∫
d2θ φ3
1
2
{
J0 − e
−pi( 32k+m)TJpi
}
H + h.c.
]
, (4.9)
where T ≡ T 0 is the radion multiplet. The y-integral can easily be performed and the
following 4D Lagrangian is obtained.
L(4D) = −3
∫
d4θ |φ|2 exp
{
−K(4D)(T,H)/3
}
+
[∫
d2θ φ3P (4D)(T,H) + h.c.
]
, (4.10)
where the Ka¨hler potential K(4D) and the superpotential P (4D) are
K(4D)(T,H) = −3 ln
{
1− e−2pikReT
2k
−
2
(
epi(k−2m)Re T − 1
)
3(k − 2m)
|H|2 +O
(
|H|4
)}
,
P (4D)(T,H) =
1
2
(
J0 − Jpie
−pi( 32k+m)T
)
H. (4.11)
The scalar potential obtained from these functions indicates that there is a supersymmetric
vacuum where both t and h, which are the scalar components of T and H , are stabilized
to the values
〈t〉 =
ln(Jpi/J0)
pi
(
3
2
k +m
) , 〈h〉 = 0. (4.12)
This is consistent with (4.6) and (4.7).
4.2 Z2-even bulk mass for hypermultiplet
So far we have considered only the case that the generators tI act on each hypermulti-
plet (Φ2aˆ−1,Φ2aˆ) as σ3. In such a case, the bulk masses for the hypermultiplets become
Z2-odd. Now we discuss a case that tI act on each hypermultiplet as σ1.
17 We consider a
simple case that (nV, nC, nH) = (0, 1, 1) and the physical hypermultiplet (Φ
3,Φ4) has the
following charge for (V 0,Σ0).
igt0 = σ1 ⊗
(
0
m
)
. (4.13)
17 The σ2-gauging leads to a similar result to that of the σ1-gauging.
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This corresponds to an introduction of a Z2-even mass m for the hypermultiplet in the flat
5D spacetime. The Lagrangian is written as
L = −3e2σ
∫
d4θ V0
{
(Φ¯1, Φ¯2)
(
Φ1
Φ2
)
− (Φ¯3, Φ¯4)e−2mV
0σ1
(
Φ3
Φ4
)}2/3
−2e3σ
[∫
d2θ
{
Φ1
(
∂y +
3
2
σ˙
)
Φ2 − Φ3
(
∂y +
3
2
σ˙
)
Φ4
−mΣ0
((
Φ3
)2
−
(
Φ4
)2)}
+ h.c.
]
+e3σ
∑
ϑ∗=0,pi
[∫
d2θ
(
Φ2
)2
P (ϑ
∗)
(
Φ4
Φ2
)
+ h.c.
]
δ(y − ϑ∗R) + · · · , (4.14)
where the ellipsis corresponds to the first line of (2.8), which is irrelevant to the following
discussion. We have also introduced the boundary superpotentials.
After gauging Σ0 away, redefine the hypermultiplets as (3.7) and dropping the kinetic
terms for the Z2-odd multiplets, we obtain
∂yφ = ∂yH = 0 (4.15)
from the equations of motion for φc andHc. After the y-integration, we obtain the following
Ka¨hler potential K(4D) and superpotential P (4D).
K(4D)(T,H) = −3 ln
{
−
∫ −piReT
0
dV˜ 0
(
1− cosh(2mV˜ 0) |H|2
)2/3}
,
P (4D)(T,H) = −
sinh(2pimT )
2
H2 +
1
2
{
P (0)(H) + P (pi)
(
H
cosh(pimT )
)}
. (4.16)
We have taken the domain of the y-integration as 0 ≤ y < piR. The first term in P (4D)
comes from a surface term at y → piR−. It leads to a mass term for H since T is the
radion multiplet and has a nonvanishing vacuum expectation value r, which is the radius
of the orbifold. Note that there is no counterpart to this mass term in the σ3-gauging case.
In the last term of P (4D), we have used the relationship between Hbulk and H|piR,
Hbulk = cosh(pimT )H|piR, (4.17)
which is obtained in a similar way to (3.17).
There is a consistency condition for the above 4D theory to be the effective theory
of the original 5D theory. Namely H and T must be light enough comparing to the
compactification scale mKK, which is naturally thought to be lower than the 5D Planck
scale M5 = 1. Thus the consistency condition is
1 > mKK ≫
sinh(2pimr)
2
, (4.18)
which means that pimr ≪ 1. Therefore we can expand the functions in (4.16) in terms of
pimT .
K(4D)(T,H) = −3 ln
{
piReT
(
1− |H|2
)2/3}
+O
(
(pimReT )2
)
,
P (4D)(T,H) = −pimTH2 +
1
2
{
P (0)(H) + P (pi)(H)
}
+O
(
(pimReT )2
)
. (4.19)
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In fact, the equivalence between the case that the domain of the y-integral is taken as
0 ≤ y < piR and that of 0 ≤ y ≤ piR, which is mentioned below (3.12), holds only at the
leading order of the above expansion. This is due to the existence of the mass term for H
in (4.16).
4.3 nC = 2 case
Here we consider the case that the compensator multiplet consists of two hypermultiplets,
which is discussed in Sect. 2.3. Eliminating Φ1 by using (2.24), the Lagrangian (2.25)
becomes
L = −3e2σ
∫
d4θ
{
N (V)
(∣∣Ψtσ3Ψc∣∣2 +Ψ†σ3e−2(β+ατ)·VΨ) (1 +Ψc†σ3e2(β+ατ)·VΨc)}1/3
−e3σ
[∫
d2θ Ψtσ3 {∂y + 2(β + ατ) · Σ}Ψ
c + h.c.
]
+ · · · , (4.20)
where the ellipsis denotes terms corresponding to the first line of (2.8).
Ψ =
(
Ψ3
Ψ5
)
≡ 2Φ2Φ, Ψc =
(
Ψ4
Ψ6
)
≡
Φc
Φ2
. (4.21)
After gauging ΣI away by the transformation with ΛIΣ in (3.3), we redefine the hyper-
multiplets as follows.
Ψ˜3 = e−3σφ3, Ψ˜4 = φc,
Ψ˜5 = e−3σφ3H, Ψ˜6 = Hc. (4.22)
The new multiplets are defined so that φ has the Weyl weight one while the other mul-
tiplets (φc, H,Hc) have zero weights.18 Then, dropping the kinetic terms for the Z2-odd
multiplets, the Lagrangian (4.20) becomes
L = −3
∫
d4θ |φ|2N 1/3(V)
(
H†σ3e
−2(β+ατ)·V˜H
)1/3
−
[∫
d2θ φ3H∂yH
c + h.c.
]
, (4.23)
where
H ≡
(
1
H
)
, Hc ≡
(
φc
Hc
)
. (4.24)
From the equation of motion for Hc, we obtain
∂yφ = ∂yH = 0. (4.25)
Thus φ and H become 4D multiplets, which are the chiral compensator and physical mul-
tiplets, respectively. Therefore the 4D effective Lagrangian can be derived by integrating
the following Lagrangian for y.
L = −3
∫
d4θ |φ|2N 1/3(V)e−
2
3
β·V˜
{
1− |H|2 − 2α · V˜ |1 +H|2
}1/3
. (4.26)
18 The Weyl weights of Ψ and Ψc are three and zero, respectively.
22
We have used the nilpotency of τ . In the case of nV = 0, the y-integral can easily be
performed and the result in Ref. [21] is reproduced if β0 = 0.
Next we discuss the boundary actions. The chiral compensator and physical multiplets
in the boundary Lagrangian (2.18) are rewritten as 19
Φ2Φ3 =
Ψ˜3
2
=
e−3σ
2
φ3,
Q ≡
Φ5
Φ3
=
Ψ˜5
Ψ˜3
= H. (4.27)
Again, the gauge-transformed quantities Φ˜2Φ˜3 and Φ˜5/Φ˜3 are discontinuous at y = piR
because of the definition of ΛI
′
Σ in (3.3).
lim
y→piR−
(
Φ˜2Φ˜3
)
= e−piβ·T
(
Φ2Φ3
)
|piR
{
1− piα · T − piα · T
Φ5
Φ3
∣∣∣∣
piR
}
,
lim
y→piR−
Φ˜5
Φ˜3
=
(1 + piα · T )(Φ5/Φ3)|piR + piα · T
(1− piα · T )− piα · T (Φ5/Φ3)|piR
. (4.28)
Thus the relation of the bulk values (φbulk, Hbulk) and the boundary ones (φ|piR, H|piR) can
be read off as
φ3|piR = e
piβ·Tφ3bulk {1 + piα · T (1 +Hbulk)} ,
H|piR =
Hbulk − piα · T (1 +Hbulk)
1 + piα · T (1 +Hbulk)
. (4.29)
On the other hand, these chiral multiplets are continuous at y = 0. We have to use these
relations when the boundary actions (2.18) exist. To make contact with the notation of
Ref. [5], we sometimes redefine H as [13]
S ≡
1−H
1 +H
. (4.30)
Then (4.29) is rewritten as
φ|piR = e
pi
3
β·Tφbulk
{
1 + (Sbulk + 2piα · T )
1 + Sbulk
}1/3
,
S|piR = Sbulk + 2piα · T. (4.31)
5 Summary and comments
We have discussed the dimensional reduction of 5D SUGRA on S1/Z2 keeping the N = 1
off-shell structure. In such an off-shell dimensional reduction, the Z2-odd multiplets play
important roles. The key is the prescription (3.1). After this prescription, the equations of
19 We should be careful not to confuse the powers with the upper indices. φ3 in (4.27) is the cube of φ
while the other numbers are values of the index a.
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motion for the Z2-odd multiplets provide constraints on the Z2-even multiplets and extract
the 4D zero modes from the latter.
We would like to emphasize that the dimensional reduction procedure proposed in this
paper is performed in a background-independent way. Namely we can derive the off-shell
4D action regardless of whether the background is supersymmetric or not. Thus we can
apply our procedure to realistic brane-world models where the background breaks SUSY.
Whether the background preserves SUSY or not can be judged by evaluating the vacuum
in the off-shell 4D action. However there is a consistency condition for the derived 4D
action to be the effective action of 5D SUGRA, that is, all the modes appearing in the
4D action must be light enough comparing to the compactification scale mKK. We have to
check this consistency condition after deriving the 4D action. Unlike the global SUSY case,
the effective theory of 5D SUGRA is expressed as 4D SUGRA only up to mKK. Above
mKK, there appear in the theory the Kaluza-Klein modes for the gravitational multiplet,
which cannot be incorporated into 4D SUGRA. We would also like to emphasize that we
have not used the superconformal gauge-fixing conditions in Appendix A at all throughout
the procedure. The gauge-fixing procedure is postponed until the dimensional reduction is
completed.
Another advantage of the off-shell dimensional reduction is that it can avoid the regu-
larization problem of the orbifold singularity. As mentioned in Ref. [20], we encounter the
regularization-dependent quantities such as δ2(y) in the ordinary dimensional reduction,
which is performed in the on-shell description. Such terms appear after eliminating the
5D auxiliary fields in the superconformal multiplets. In the off-shell dimensional reduc-
tion, on the other hand, the auxiliary fields are to be eliminated after the dimensional
reduction. Thus the above singular terms do not appear when the auxiliary fields are
eliminated because the orbifold singularity has already been integrated out. The only
regularization dependent quantities encountered in the off-shell dimensional reduction are
ε2(y−ϑ∗R)δ(y−ϑ∗R) (ϑ∗ = 0, pi), which are assumed to be zero in this paper. The absence
of the singular terms greatly simplify the calculations.
Our work here corresponds to a reinterpretation and a modification of a method of
Ref. [21]. So we will give some comments on the latter in the rest of this section. In
Ref. [21], the 4D effective action is derived by the following procedure for n′V ≥ 1. Firstly,
solve the BPS equations and find the BPS background solution. Then plug it into (3.19)
and perform the y-integral. Here ∂yV˜
I′ and V˜ I
′
in (3.19) are replaced with ReΣI
′
and∫ y
0
dy ReΣI
′
since all the Z2-odd multiplets have been dropped by hand. The backgrond
solution contains real integration constants tI
′
R for ϕ
I′
Σ , which correspond to the moduli T
I′.
Thus the y-integrated action depends on tI
′
R . Then t
I′
R are promoted to ReT
I′, and the
desired off-shell 4D action is obtained. In this procedure, the integration constants tI
′
R
are promoted to the superfields at the final step. However they can be promoted before
plugging them into the action (3.19) as we did in Ref. [23]. Due to the holomorphicity, the
background solution ϕI
′
Σ = ϕ
I′
Σ(tR, y) is promoted as
ΣI
′
= ϕI
′
Σ (T, y). (5.1)
In general, ReΣI
′
are not functions of only ReT I
′
but also depend on ImT I
′
. Such ImT I
′
-
dependence remains in the action after the y-integral. This contradicts the result obtained
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by promoting tI
′
R at the final step. This stems from the fact that V˜
I′ have been dropped
by hand. As shown in Sect. 3.2, the equations of motion for V˜ I
′
make the 4D Ka¨hler
potential K(4D) independent of ImT I
′
.
The action (3.19) has a shift symmetry ΣI
′
→ ΣI
′
+ icI
′
(i.e., T I
′
→ T I
′
+ 2iRcI
′
) for
constants cI
′
if the boundary terms are absent. However this does not mean that ImΣI
′
are moduli. In fact, the BPS solution does not have such a symmetry as can be seen from
k · ImϕΣ = 0 in (2.15). This is because the SU(2)U -gauge fixing condition fixes the phase
of the compensator hyperscalar ϕ2. From (3.7), Φ2 can be expressed as
Φ2 = e−
3
2
σe3k·ΛΣφ
3
2 , (5.2)
and thus the constant shift of ImΣI
′
leads to a phase rotation of ϕ2, which is prohibited by
the SU(2)U -gauge fixing. Namely the shift symmetry is a symmetry of the 5D conformal
SUGRA but not of the 5D Poincare´ SUGRA. In 4D conformal SUGRA, on the other
hand, there is a symmetry of a phase rotation of the chiral compensator φ until the 4D
superconformal gauge fixing. Hence the shift symmetry is inherited as this phase rotation
symmetry in the off-shell dimensional reduction. Therefore the discussion in Ref. [21] that
K(4D) becomes a function of only ReT I
′
due to the shift symmetry is valid if the boundary
terms are absent. In the presence of the boundary terms, however, such a discussion is
no longer applicable because the T -dependence from them breaks the shift symmetry even
before the gauge fixing. In that case, the Im T I
′
-independence of K(4D) should be explained
by the discussion in Sect. 3.2.
Although the method of Ref. [21] uses the background information (i.e., the BPS so-
lution), it is still valid as a practical method as mentioned in Sect. 3.3. However we have
to note that what we should substitute into the action (3.19) (or (3.44)) is a solution of
(3.42) but not a BPS solution if the boundary terms exist.
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A Superconformal gauge-fixing conditions
We collect the gauge-fixing conditions for the extraneous superconformal symmetries, i.e.,
the dilatation D, SU(2)U , the conformal supersymmetry S.
20 We express them in terms
of the components of the N = 1 multiplets used in this paper.
V I = θσµθ¯W Iµ + iθ
2θ¯λ¯I − iθ¯2θλI +
1
2
θ2θ¯2DI ,
ΣI = ϕIΣ − θχ
I
Σ − θ
2F IΣ,
Φa = ϕa − θχa − θ2Fa, (A.1)
20 The special conformal transformation K is already fixed in our N = 1 description.
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where I = 0, 1, · · · , nV and a = 1, 2, · · · , 2(nC + nH).
The D gauge is fixed by
N (2ReϕΣ) =
(
e 4y
)3
, (A.2)
and
ϕad ba ϕ¯
b = 1, (A.3)
where N is the norm function defined by (2.4).
The S gauge is fixed by
NI(M)λ
I = NI(M)χ
I
Σ = 0, (A.4)
and
ϕad ba χ¯
b = ϕad ba ρbcχ
c = 0. (A.5)
nC = 1 case
Combined with (A.3), the SU(2)U gauge-fixing condition is written as
ϕ1 = 0, ϕ2 =

1 + 2(nH+1)∑
a=3
|ϕa|2


1/2
. (A.6)
Thus the compensator scalar ϕ2 is expressed in terms of the physical hyperscalars ϕa
(a ≥ 3).
nC = 2 case
In this case, we cannot completely determine the compensators (ϕ1, ϕ2, ϕ3, ϕ4) in
terms of the physical fields by using only the D and SU(2)U gauge-fixings. We need
to use the gauge-fixing for U(1)T . To see the situation, we focus on a case of nH = 1.
We can obtain the following constraints on the hyperscalars ϕa by picking up the
lowest components of (2.23) and (2.24) after taking the Wess-Zumino gauge for VT .∣∣ϕ1∣∣2 + ∣∣ϕ3∣∣2 − ∣∣ϕ5∣∣2 = ∣∣ϕ2∣∣2 + ∣∣ϕ4∣∣2 − ∣∣ϕ6∣∣2 = 1
2
, (A.7)
ϕ1ϕ2 + ϕ3ϕ4 − ϕ5ϕ6 = 0. (A.8)
In the second equality of (A.7), we have used the D gauge-fixing condition (A.3).
Using the SU(2)U gauge together with these constraints, All the compensator scalars
are expressed in terms of the physical scalar fields (φ1, φ2) as follows [13].
ϕ1 = 0, ϕ2 =
(
1− |φ2|
2
2(1− |φ1|
2 − |φ2|
2)
)1/2
,
ϕ3 =
(
1
2(1− |φ2|
2)
)1/2
, ϕ4 = ϕ2
φ¯1φ2
1− |φ2|
2 ,
ϕ5 = ϕ3φ2, ϕ
6 = ϕ2
φ¯1
1− |φ2|
2 . (A.9)
Under the orbifold parity, φ1 and φ2 are odd and even, respectively.
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B Integrating out V˜ I
′
: 3kI ′ 6= 2mI ′ case
Here we will show how V˜ I
′
in (3.19) are integrated out in a case that 3kI′ 6= 2mI′ for
some I ′. Without loss of generality, we can label I ′ so that 3k0 6= 2m0. In the case that
3kI′ = 2mI′ for all I
′ 6= 0, we can apply the procedure explained in Sec. 3.2 by taking the
equations with I ′ = 1, 2, · · · , n′V in (3.31) as n
′
V independent ones. Thus we assume that
3kI′ 6= 2mI′ for some value of I ′ 6= 0. Such values of I ′ are denoted as I ′nq. For I
′ = I ′nq,
we obtain the following equations from (3.23).
Nˆ 1/3e2k·V˜
(
1− e−(3k−2m)·V˜ |H|2
)2/3
=
3cI′nq
2
∂y
{(
NˆI′nq
3kI′nq − 2mI′nq
−
Nˆ0
3k0 − 2m0
)
e2k·V˜
Nˆ 2/3
(
1− e−(3k−2m)·V˜ |H|2
)2/3}
, (B.1)
where
cI′nq ≡
(
3kI′nq
3kI′nq − 2mI′nq
−
3k0
3k0 − 2m0
)−1
. (B.2)
If we define
FI′nq ≡ −
9cI′nq
2Nˆ 2/3
(
NˆI′nq
3kI′nq − 2mI′nq
−
Nˆ0
3k0 − 2m0
)
, (B.3)
it becomes a function of vi (i = 1, 2, · · · , n′V) defined by (3.28). Thus using (B.1) and (B.3)
instead of (3.27) and (3.29), the second line of (3.30) is replaced by
L(4D) =
∫
d4θ |φ|2
{
FI′nq(vpi)e
−2pik
J′
ReTJ
′
(
1− epi(3k−2m)J′ReT
J
′
+2(gh−gc)
I′′
V˜ I
′′
|H|2
)2/3
−FI′nq(v0)
(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3}
+ · · · , (B.4)
where vi0 and v
i
pi are boundary values of v
i at y = 0 and y = piR, respectively.
Now we will express (vi0, v
i
pi) in terms of the physical 4D modes. From (3.24), we also
obtain
∂y
(
NˆI′nq/Nˆ
2/3
)
((3k − 2m)P)I′nq
−
∂y
(
Nˆ0/Nˆ 2/3
)
((3k − 2m)P)0
= −
{
6(kP)I′nq
((3k − 2m)P)I′nq
−
6(kP)0
((3k − 2m)P)0
}
Nˆ 1/3,
(B.5)
where (kP)I′ ≡ kJ ′PJ
′
I′ , and the arguments of Nˆ ’s and P are −∂yV˜ . Eq.(B.5) is rewritten
in the following form.
− ∂yV˜
J ′ =
n′
V∑
i=1
HI′nqJ ′i(v
1, v2, · · · , vn
′
V)∂yv
i. (B.6)
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This is the same form as (3.33). Thus we can repeat the procedure below (3.33) by using
(B.6) for I ′ = I ′nq. The only modification is to replace (3.37) with
F1(vpi)e
−2pik
I′
ReT I
′
(
1− epi(3k−2m)I′ReT
I
′
+2(gh−gc)
I′′
V˜ I
′′
|H|2
)2/3
−F1(v0)
(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3
= · · · =
= Fn′
V
(vpi)e
−2pik
I′
ReT I
′
(
1− epi(3k−2m)I′ReT
I
′
+2(gh−gc)
I′′
V˜ I
′′
|H|2
)2/3
−Fn′
V
(v0)
(
1− e2(g
h−gc)
I′′
V˜ I
′′
|H|2
)2/3
. (B.7)
Therefore, in this case, (vi0, v
i
pi) also depend on H and V˜
I′′ .
vi0 = v
i
0(ReT
0,ReT 1, · · · ,ReT n
′
V , e2(g
h−gc)
I′′
V˜ I
′′
|H|2)
vipi = vpi(ReT
0,ReT 1, · · · ,ReT n
′
V , e2(g
h−gc)
I′′
V˜ I
′′
|H|2), (B.8)
where i = 1, 2, · · · , n′V. Plugging these into (B.4), we obtain the off-shell 4D action.
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